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Abstract. We introduce a property of Banach spaces, called uniform convex- 
transitivity, which falls between almost transitivity and convex-transitivity. 
We will provide examples of uniformly convex-transitive spaces. This property 
behaves nicely in connection with some vector-valued function spaces. As a 
consequence, we obtain some new examples of convex-transitive Banach spaces. 



1. Introduction 

In this paper we study the symmetries of some well-known, in fact, almost clas- 
sical Banach spaces. We denote the closed unit ball of a Banach space X by Bx 
and the unit sphere of X by Sx- A Banach space X is called transitive if for each 
X € Sx the orbit Gxix) = {r(a;)| T: X ^ X is an isometric automorphism} = Sx- 
If Gxix) — Sx (resp. conv{Qx{x)) = Bx) for all x G Sx, then X is called almost 
transitive (resp. convex-transitive) . These concepts are motivated by the Banach- 
Mazur rotation problem appearing in [21 p. 242], which remains unsolved. We refer 
to [3] and [5] for a survey and discussion on the matter. 

The known concrete examples of convex-transitive spaces are scarce, and the 
ultimate aim of this paper is to provide more examples by establishing the convex- 
transitivity of some vector-valued function spaces and other natural spaces. It 
was first reported by Pelczynski and Rolewicz [15] in 1962 that the space is 
almost transitive for p G [l,oo) and convex-transitive for p — oo (see also [17]). 
Later, Wood [5D] characterized the spaces C^{L) whose norm is convex-transitive 
(see Preliminaries). Greim, Jamison and Kaminska |11| proved that if X is almost 
transitive and 1 < p < oo, then the Lebesgue-Bochner space Lp(X) is also almost 
transitive. Recently, an analogous study of the spaces Cq{L, X) was done by Aizpuru 
and Rambla [1], and some related spaces were studied by Talponen 19J. For some 
other relevant contemporary results, see [5], [13] and [IB] . 

We will extend these investigations into the vector-valued convex-transitive set- 
ting, which differs considerably in many respects from the scalar-valued almost 
transitive one. For this purpose we will introduce a new concept which is (formally) 
stronger than convex-transitivity and weaker than almost transitivity, called uni- 
form convex-transitivity. With the aid of this class of Banach spaces we produce 
new natural examples of convex-transitive vector- valued function spaces. The main 
results of this paper are the following: 

• Characterization of locally compact Hausdorff spaces L such that C*(L) is 
uniformly convex-transitive. 

• If X is a uniformly convex-transitive Banach space, then so is (X) . 



If X and Cq (L) are uniformly convex-transitive, then so is Cq (L,X). 
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Preliminaries. The scalar field of a Banach space X is denoted by EC and whenever 
there are several Banach spaces under discussion, then IK is the scalar field of the 
space denoted by X. The open unit ball of X is denoted by Ux- The group 
of rotations Gx of X consists of isometric automorphisms T: X ^ X, the group 
operation being the composition of the maps and the neutral element being the 
identity map I: X — > X. We will always consider Qx equipped with the strong 
operator topology (SOT). An element x e Sx is called a big point if coirvQ{x) — Bx- 
Thus X is convex-transitive if and only if each x £ Sx is a big point. 

Recall that a topological space is totally disconnected if each connected compo- 
nent of the space is a singleton. In what follows L is a locally compact Hausdorff 
space and K is a compact Hausdorff space, unless otherwise stated. In [3D] Wood 
characterized convex-transitive Cjf(L) spaces. Namely, C^(L) is convex-transitive 
if and only if L is totally disconnected and for every regular probability measure fj, 
on L and t £ L there exists a net {7q}q of homeomorphisms on L such that the 
net {/^o7q}q is Ci;*-convergent to the Dirac measure St- The above mapping ^o^^ 
is given by /i o 7q(v4) — for Borel sets A C L. 

We refer to [13] for background information on measure algebras and isometrics 
of LP-spaces and to [5^ for a suitable source to Banach spaces in general. In what 
follows S is the completed cr-algebra of Lebesgue measurable sets on [0, 1] and we 
denote by m : E ^ K. the Lebesgue measure. Define an equivalence relation ™ on 
S by setting A " S if m{{A UB)\{Ar\ B)) = 0. 

Recall that a rotation R on the space C^{L, X) is said to be of the Banach-Stone 
type, if R can be written as 

R{f){t) = a{t){f o ^{t)), f e C^{L, X), 

where 0: L — > L is a homeomorphism and a: L Gx is a continuous map. A 
Banach space Y is said to be contained almost isometrically in a Banach space X 
if for each e > there is a linear map V' : Y — > X such that 

llyllY < ||^(y)||x < (i + £)||2;||y foryeY. 

2. Uniform convex-transitivity 
Provided that the space X under discussion is understood, we denote 

{n n 
^aiTi(a;)| Ti, ■ ■ ■ ,Tn e Gx, ai, . . . ,a„ e [0, 1], ^ = 1 
1=1 i=l 

for n £N and x G Sx- We call a Banach space X uniformly convex-transitive if for 
each £ > there exists n £ N satisfying the following condition: For all x £ Sx and 
y £ Bx it holds that dist(?;, C„(a;)) < e, that is 

lim sup dist(y, C„(a;)) = 0. 

"->°°£!;eSx,aeBx 

We denote by the least integer n, which satisfies the above inequality involving 
e and such if^ is called the constant of uniform convex transitivity of X associated 
to e. We call x £ Sx a uniformly big point if 

lim sup dist(jj,Cn{x)) = 0. 

Clearly almost transitive spaces are uniformly convex-transitive, and uniformly 
convex-transitive spaces are convex-transitive. It is well-known that C^{S^) is a 
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convex-transitive, non-almost transitive space, and it is easy to see (see e.g. the 
subsequent Theorem l2.4p that it is even uniformly convex-transitive. Unfortunately, 
we have not been able so far to find an example of a convex-transitive space which 
is not uniformly convex-transitive. However, we suspect that such examples exist 
and we note that the absence of such a complicated space would make some proofs 
regarding convex-transitive spaces much more simple. Observe that the canonical 
unit vectors G are far from being uniformly big points: 

lim sup dist(y, C„(efe)) = 1, 

even though they are big points, i.e. conv(t/^i (e/c)) = B^i for fc 6 N. In any case, 
we will provide examples of uniformly convex-transitive spaces, most of which are 
not previously known to be even convex-transitive. 

We note that if X is convex-transitive and there exists a uniformly big point 
X G Sx, then each y £ Sx is a uniformly big point. This does not mean, a priori, 
that X should be uniformly convex-transitive. Next we give an equivalent condition 
to uniform convex transitivity, which is more applicable in calculations than the 
condition introduced above. 

Proposition 2.1. Let X be a Banach space. The following condition of X is 
equivalent to X being uniformly convex-transitive: For each e > there is iVg G N 
such that for each x G Sx and y G Bx there are Ti , . . . , Tn^ G Qx such that 



(2.1) 



y 



mEZiUx) 



< e. 



Proof. It is clear that (|2.ip implies uniform convex transitivity, even for the value 
— for each e > 0. Towards the other direction, let X be a uniformly convex- 
transitive Banach space, £ > and x G Sx, y G Bx. Let K be the constant 
of uniform convex-transitivity of X associated to | . Then there are ai , . . . , ok G 
[0, 1], = I arid Ti, . . . ,Tk e Gx such that 



y~J2f=la^T,{x) 



< 



Put m = [^1 G N, so that K ■ ^ < ^. Next we define an m-uple {Si, S^) C 
Qx as follows: For each j G {!,..., m} and i G {!,..., fC} we put Sj — Ti if 
r'^E„<ja«l < 3 < NE„<,anJ- (Here ^0 a« = 0.) By applying the triangle 
inequality several times, we obtain that 



y 



m ^j — i- J ^ 



< e. 



Hence it suffices to put N,. = m = [^], where K depends only on the Banach 
space X and the value of e. □ 



In what follows, we will apply the constant TV^ freely without explicit reference 
to the previous proposition, and if there is no danger of confusion, also without 
mentioning explicitly X and £, either. 

The following condition on the locally compact space L turns out to be closely 
related to the uniform convex-transitivity of C^{L): 

{*) For each £ > there is G N such that for every non-empty open subset 
U d L and compact K C L there are homeomorphisms . . . ,(j)M^'- L ^ L 
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with 

JfJ2^c^-\u)it)>^~£ fort ex. 

This condition should be compared with the conditions found by CabeUo (see [5J 
p. 110-113], especially condition (g)), which characterize the convex transitivity of 
Co{L). Next we will give this characterization the uniformly convex-transitive coun- 
terpart. If i is a locally compact Hausdorff space, by aL we denote its one-point 
compactification and if L is noncompact, we denote such point by oo. Prior to the 
theorem we need the following two lemmas. 

Lemma 2.2. f \l(i[ Thm. 3.1] j Let T be a normal topological space with dim T < 1. 
If F C T is a closed subset and f : F ~* Sc is a continuous map, then f admits a 
continuous extension g : T — > 5c. 

Lemma 2.3. Let L be a locally compact, Hausdorff, 0-dimensional space. Then for 
every g £ BpH^^j and fc G N there exist disjoint clopen sets Ci, C2, . . . , C'2k~i such 

that the function h G Bj^r^^j defined by h — ^^XCi satisfies \\h ~ g\\ < 

Proof. We regard g as defined in aL. Consider i G {— fc,— fc + l,...,fc — 1} and let 
Ki = g~^[j:, ^^]. Every x G Ki has a clopen neighbourhood such that g{Ax) Q 
2|^]. By compactness there exist xi, . . . ,Xn such that Ki C [J^^i A^j ~ Bi. 
Finally, define Co = Bq, Ci = \ Co, . . . , Cfe = S_i \ (Co U • • ■ U Cfc-i), 
Cfc+i = \ (Co U ■ • ■ U Cfc), . . . , C2fe-i = Bk-i \ (Co U ■ • • U C2fc-2). Note that the 
Ci's are a partition of aL. 

Now take h : L ^ M. given hy h = ^-^Xd- It is easy to check that 

< i and/iGBc.p:(i). □ 

Theorem 2.4. Let L be a locally compact Hausdorff space. The space Cjf (L) is 
uniformly convex-transitive if and only if L is totally disconnected and satisfies (*). 
If the space Cq{L) is uniformly convex-transitive, then L satisfies (*). Moreover, 
if dim{aL) < 1, then also the converse implication holds. 

Before the proof we comment on the above assumptions. 

Remark 2.5. The spaces C*(S'^,M^) and C''^-'{S^, C) are uniformly convex-transitive, 
their rotations are of the Banach-Stone type, and clearly S^, ^7^2 and Gc are not 
totally disconnected. 

Proof of Theorem \2.4\ Let us first consider the only z/ directions. Since uniformly 
convex-transitive spaces are convex-transitive, we may apply Wood's characteriza- 
tion for convex-transitive C^{L) spaces, and thus we obtain that L must be totally 
disconnected. Let C|f(i), K G {M, C}, be uniformly convex-transitive. Next we 
aim to check that L satisfies (*), so let ?7 C L be a non-empty open subset and 
K <Z L a compact subset. Fix xq G U. Since aL is normal, there exist con- 
tinuous functions f,g : aL [^1,1] satisfying f{aL\ U) — {0}, /(a;o) = 1, 
g{K) = {1} and g{oo) = 0. Since both functions vanish at infinity, we can consider 
that /,5 G ScK(L)- 

Fix e > appearing in condition (*). Let Nf, be the associated constant pro- 
vided by the uniform convex-transitivity and condition (|2.ip . Then by the defi- 
nition of Ne and the Banach-Stone characterization of rotations of C^{L) we ob- 
tain that there are continuous functions ai, . . . ,aN^ ■ L ~> K. and homeomorphisms 
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, (j)N^ : L —> L such that 



(2.2) 



9 



< e. 



In particular, this yields for each t E K that 



> 



where we applied the fact that / vanishes outside U. This justifies (*) for = N^. 
Let us see the ?/ direction for Cf{L). Let G N, / G ^c^{l) ^.nd g e BpR^^^. 

We may assume max / = 1. Take h as in Lemma [2731 i.e. h = Y^'j^i'^ ^-^XCi with 
each d clopen and \\h — g\ < 

Note that K — 1J?=7^ compact and apply (*) to this K, the subset U = 
{t e L : f{t) > 1 — k~^} and s = j. Write M — M^. There exist homeomorphisms 
(f>i, . . . , (f>M such that if t e K then -p- J2fLi > 1 ~ fc""^- For each j £ 

{1, . . . , 2fc — 1}, define Bj = lJs=i ^ and let Tj be the rotation on C^{L) given 
by TjX = {xBj - XB-) ■xiij<k and TjX = {xb, - Xb- + '2'Xl\k) ■x\ij>k. Now 
only a few calculations are needed to see that 



M{2k- 



1 V— \2fc— 1 V— \A'/ rr\ I P I 



< 6fc- 



and thus C^(L) is uniformly convex transitive. 

In order to justify the last claim it is required to verify that if L satisfies 
dim(Q!L) < 1 and (*), then Cq{L) is uniformly convex-transitive. Let fc g N 
and let Alk be the corresponding constant in condition (*) associated to value 
k~^. Fix / G S(^c(^-| and g G Bj-^c^^-j. We may assume without loss of gener- 
ality, possibly by multiplying / with a suitable complex number of modulus 1, 
that /(to) = 1 for a suitable to G L. Let J7 = {t G L : |1 - f{t)\ < k~^} and 
K ^ {t E L : \g{t)\ > k^^}. Let (f>i, . . . , (pM^ : L ^ L he homeomorphisms such 
that X]j=i X0-i(c/)(^) 1 ^ for t E K. This means that the average 



(2.3) 



satisfies |1 - F{t)\ < 3k-^ for each t E K. 

Next we will define some auxiliary mappings. Put a : Sc x [0, 1] — *■ Sc; oi{z, s) — 
—i^^z. Note that this is a continuous map, and a{z^Q) — — z, a(z, 1) ~ z for 
z G Sc. Taking into account Lemma 12.21 with T — aL, let /3g : L — > Sc be a 

defined on K. 



continuous extension of the function 



g(-) 



For j G {1, . . . , fc} we define rotations on Cq{L) by putting eja{x){t) = (ig{t)-x{t) 
and ejb{x){t) — a(/3g(t), min(l, max(0, A:|(7(t)| — j))) ■ x(t). The main point above 
is that {eja + ejh){F){t) = for (j, t) E {I, . . . ,k} x L such that \g{t)\ < i and 
(eja + ejb)iF){tl^ 2F{t)pg{t) for (j,<) G {l,...,k}x L such that g{t) > 
Thus, by using 



we obtain that 
9itM{t) - ^ EU^^ja + ejb)iF){t)\\ < 2fc-i for t E L. 
Here \\g{-) — \9{-)\Pg{-)\ \ < k^^, so that Cq{L) is uniformly convex-transitive. 



□ 
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Note that Theorem l2.4l vields the fact that if C^{L) is uniformly convex-transitive, 
then so is Cq{L). By the above reasoning one can also see that if C^{L) is convex- 
transitive and \L\ > 1, then L contains no isolated points and thus it follows that 
each non-empty open subset of L is uncountable. Cabello pointed out 5, Cor.l] 
that locally compact spaces L having a basis of clopen sets C such that X \ C is 
homeomorphic to C, have the property that C^{L) is convex-transitive. Conse- 
quently, this provides a route to the fact that the spaces L°°, £°° /cq and C(A) over 
R, where A is the Cantor set, are convex-transitive. By applying Theorem 12.41 and 
following Cabello's argument with slight modifications, one arrives at the conclu- 
sion that these spaces are in fact uniformly convex-transitive. When studying [5] 
it is helpful to observe that each occurence of 'basically disconnected' in the paper 
must be read as totally disconnected, ([!]). 

It is quite easy to verify that if Li, . . . , L„, where n G N, are totally disconnected 
locally compact Hausdorff spaces satisfying (*), then so is the product Li x • • • x i„. 
It follows that the space Cj(Li x • • ■ x i„) (also known as the injective tensor 
product Cq (Li)(g)e . . . (X)eCjf (L„), up to isometry) is uniformly convex-transitive. 



3. Uniform convex-transitivity of Banach- valued function spaces 
With a proof similar to that of lemma [2T3l we obtain the following: 

Lemma 3.1. Let L be a locally compact, Hausdorff, Q- dimensional space and X 
a Banach space over K. Given g g B(^K(-^ x) o*^^ J S there exist nonzero 
xi, . . . ,Xn £ Bx and disjoint clopen sets Ci, C2, . . . , C„ C L such that the function 
h G Bc.K(i^x) defined by hit) = YJ^^^ Xc,it)xi satisfies \\h - g\\ < j. 

Theorem 3.2. Let L be a locally compact Hausdorff space and X a Banach space 
over K. Consider the following conditions: 

(1) L is totally disconnected and satisfies {*), i.e. C^{L) is uniformly convex- 
transitive. 

(2) X is uniformly convex-transitive. 

(3) Cj^(L,X) is uniformly convex-transitive. 

We have the implication (1) + (2) =^> (3). // the rotations of C^{L,'K.) are of 
the Banach-Stone type and dimK(X) > 1, then (3) =^ (*) + (2). // additionally 
K = K. and Qx is totally disconnected, then (3) (1) + (2). 

Recall Remark 12.51 related to the last claim above. 



Proof of Theorem \3.2[ We begin by proving the implication (1) -f- (2) (3). Fix 

k G N. Then condition (*) provides us with an integer Nk associated to Let 
/ e SpK(^ X) s-i^d g G B(^K(^ X)- Take h and Ci, . . . , C„ C i as in Lemma |3. II with 

Let B = Uf^;^ and K = {t € L : \\g{t)\\ > k^^}. Note that B is a compact 
clopen set and K C B. There are i/ G Sx and Ti, . . . , Tn^ G GcI^(^l.x) such that 

(3.1) \\y-{^EfATj){t)\\<l fortGB. 

Indeed, observe that the continuous map L — > M; 1 1 1/(0 1 1 attains its supremum, 
the value 1. Thus, let to G ^ be such that ||/(io)|| = 1 and let y = f{to) G Sx. 
Write V — {t e L : \\f{t) — y\\ < ^}. By using (*) there are homeomorphisms 
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-> L such that 

Xv{o^{t)) > 1 - for < G S. 

cK(L.x) be given by {TiF){t) = F((Ti(t)) for 1 < « < iV^ and F e 
(L,X). Thus, for alH e S we obtain by and the definition of V that 



(Tl, . . . , CTAf^ 

(3.2) 

Let T, e 

^0 



(i^Ef=iT./) W 



AT.. S 



Efil /(^. W) < ± E^J:i \\y - /K W)ll 



< 



4/c 2/c ^ 4fc ^ ^ fe 



Since X is uniformly convex-transitive, there is an integer 2M ~ satisfying 



([^ for the value e = fc"^ Let S"} 



(3.3) 



2M 



£ Qx ioT I < i < n such that 
< /c^^ for 1 < i < n. 



Then for each I < I < 2M we define a rotation on C^(L, X) by 



Ri{Fm^xL\Bm-iyF{t) 



i=l 



F e C^{L,X), t e L. 



Indeed, this defines rotations, since the sets L\B and Ci are clopen. It is easy to 
see by combining (|3.ip and (|3.3p that 



1 ^2A1 jD 1 X^Nk rp p 



< 2k- 



This verifies the first implication. 

Next we will prove the implication (3) =J> (*) + (2) under the assumption 
that the rotations are of the Banach-Stone type. In fact, the verification of claim 
(3) (*) reduces to the analogous scalar-valued case, which was treated in 

the proof of Theorem 12.41 Moreover, by using the Banach-Stone representation of 
rotations and functions of type f ® x, g (i) y & Scg^(L x) is easy to verify that the 
uniform convex-transitivity of Cq''{L,X) implies that of X. 

Finally, let us prove the total disconnectedness of L in the case when Qx is totally 
disconnected and K = M. Assume to the contrary that L contains a connected 
subset C, which is not a singleton. Pick t,s E C, t ^ s, and x £ Sx- Let x* G Sx» 
with x*{x) = 1. Let /, 5 G SpK^^^ be functions with disjoint supports and such 



that f{t) — g{s) — 1. Consider f ®x, f <. 
convex-transitive we obtain that / (X> a: - 



- g x G S(jR 



C»(L,X)' 

g®xe Qcl(L,-x)if 



Since Cq (i, X) is 



It follows easily by using the Banach-Stone representation of rotations of C'q{L, X) 
that there exists a continuous map a: L ^ Qx such that 

x*{a{t){x)),x*{~<j{s){x))>0. 

By using the facts that a{t) / a{s) and that Qx is totally disconnected we 
obtain that (t(C) is not connected. However, we have a contradiction, since (t(C) 
is a continuous image of a connected set. This contradiction shows that L must be 
totally disconnected. □ 

By following the argument in the previous proof with slight modifications one 
obtains an analogous result in the convex-transitive setting. 
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Theorem 3.3. // C^{L) is convex-transitive and X. is a convex-transitive space 
over K., then C^{L,'K.) is convex-transitive. 



P — I lH•^-^\llP 

LP(X) 



Proof. The proof of Thcorem l3 . 21 has the convex-transitive counterpart with convex 
combinations of rotations in place of averages of rotations. Indeed, in the equation 
p.ip one uses the convex-transitivity of C^{L) and the corresponding Banach-Stone 
type rotations apphed on C^{L,X). After equation p.ip the argument proceeds 
similarly. Note that in the convex-transitive setting there does not exist, a priori, 
an upper bound M depending only on e. □ 

Recall that the Lebesgue-Bochner space L^'(X) consists of strongly measurable 
maps / : [0, 1] — > X endowed with the norm 

/ ||/(t)||^di, forpG[l,cx)) 
Jo 

and ||/||l°=(x) = ess sup||/(i)||x- We refer to [7] for precise definitions and back- 

tG[0,l] 

ground information regarding the Banach- valued function spaces appearing here. 

Recall that L°° is convex-transitive (see [15] and [17]). Greim, Jamison and 
Kaminska proved that LP(X) is almost transitive if X is almost transitive and 
1 < p < oo, see [m Thm. 2.1]. We will present the analogous result for uniformly 
convex-transitive spaces, that is, if X is uniformly convex-transitive, then L^(X) 
are also uniformly convex-transitive for 1 < p < oo. 

Theorem 3.4. Let X be a uniformly convex-transitive space over K. Then the 
Bochner space Lj^(X) is uniformly convex-transitive for 1 < p < oo. 

We will make some preparations before giving the proof. Suppose that {An)nefi 
is a countable measurable partition of the unit interval and {xn)n&i C X. We will 
use the short-hand notation F = XA„Xn for the function F G L°°{X) defined by 
F{t) = Xn for a.e. t G An for each n e N. The following two auxiliary observations 
are obtained immediately from the fact that the countably valued functions are 
dense in L°°(X) and the triangle inequality, respectively. 

Fact 3.5. Consider F — XA„Xn, where (An) is a measurable partition of [0, 1] 
and (xn) C Bx. Functions F of such type are dense in B^oo(-x)- 

Fact 3.6. Let X be a Banach space and Ti,...,r„ G Gxi n E N. Assume that 
x,y, z G X satisfy \\y — — ^1(2^) 1 1 ^ ^ — and | |a; — z| | = S > 0. Then \ \y — 
^E.Tdz)\\<e + S. 

Proof of Theorem \3.4\ We mainly concentrate on the case p — 00. Fix fc G N, 
X G Sx, (a;„ ),(?/„) C Bx and measurable partitions (An) and (i?„) of the unit 
interval. Let Nk be the integer provided by the uniform convex transitivity of X 
associated to the value e = p Write 

F = ^XA^Xn and G = ^XB„yn- 

n n 

We assume additionally that ||F|| = 1. 

For each n G N there are isometries {T'/"''}i<Wfc C Gx such that 



(3.4) ^,j:^ATt\x)-yn 



< i for n G N. 
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Observe that one obtains rotations on L°° (X) by putting 

n 

for a.e. t G [0, 1], where / S L°°(X), i < Nk, and the above summation is under- 
stood in the sense of pointwise convergence almost everywhere. We define a convex 
combination of elements of Gl'^(x) by 

Condition (|3.4p implies that 
(3.5) 



By the definition of F one can find no G N such that r7i(^„„) > and 



(3.6) 



1 

\Xn„\\x > 1 - 



Put A„ [1 — 2"", 1 — 2~("+^)] for n < k. By composing suitable bijective 
transformations one can construct measurable mappings gn ' [0, 1] —^ [0, 1] and 
gn '■ [0, 1] [0, 1] such that 

(3.7) gniArJ " [0, 1] \ A„ and g„([0, 1] \ A„„) " A„, 

the measure fJ,n{-) — 'm{gn{-)) ■ S ^ R is equivalent to m 



i{t)^t for a.e. t e [0, 1] 



(3.8) 
and 
(3.9) 
for each n < k. 

Next we will apply some observations which appear e.g. in T17 and fS]. Denote 
by T,\m the quotient cr-algebra of Lebesgue measurable sets on [0, 1] formed by 
identifying the m-nuU sets with 0. Note that (|3.8p gives in particular that the 
map (jjn- S\„i S\„i determined by (/)„(A) ™ ffn(^) for A e S is a Boolean 
isomorphism for each n < k. Observe that gniA) ™ 0~^(^) for A G S and n < k. 

By (|3.6p there are rotations {T'i}i<Ar^ C such that 



(3.10) 



1 Y^Affc rp / 



< 



According to p.9p we may define mappings Si : L°°{X) L°°(X) for n < fc and 
i < Nk hy putting 

5f)(F)(t) = T,{F{g„m for a.e. t e [0, 1], F e L°°(X). 

By dXHl) we get that 5,^"^ G ^^-(x) (see also p.467-468]). 

The function X[o,i]2^ can be approximated by convex combinations as follows: 



(3.11) 



L«=(X) 



<i(2 + El-i'2fc-i) 



Indeed, for n < A; and a.e. t G [0, 1] \ A„ it holds by (PTTU)) that 



N. 

On the other hand, \\x 



1_ Y^JVfe rpin). 



< 



W: Ef=i St\F){t)\\^ < 2 for a.e. t G A„. In (EU) we 



apply the fact that A„ are pairwise essentially disjoint. 
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Denote A2 = lJ2t=i ^f=i ^i""^ ^ conv((?i^(x)). By combining the esti- 
mates p.Sp and p. lip we obtain by Fact 13.61 that 

||G-AiA2(F)||<p 

Observe that A1A2 is an average of NkNk many rotations on L°°(X). We conclude 
by Fact 13.51 that L°°(X) is uniformly convex-transitive. 

The case 1 < p < 00 is a straightforward modification of the proof of [11, Thm. 
2.1], where one replaces UiXi by suitable averages belonging to conv(5x(a^j)) foi' 
each i. □ 

In fact it is not difficult to check the following fact: If the rotations of L°°(X) 
are of the Banach-Stone type, then L°°(X) is convex-transitive if and only if each 
X € Sx is a uniformly big point. 

We already mentioned that /cq is uniformly convex-transitive as a real space. 
Next we generalize this result to the vector-valued setting. 

Theorem 3.7. Let X he a uniformly convex-transitive Banach space ouerK. Then 
£°°(X)/co(X) (over^) is uniformly convex-transitive. 

Proof. Observe that the formula 

(3.12) Tiixn)n) = (S'«a;^(n))n, 

where it: N ^ N is a bijection and Sn ^ Gx, n ^ N, defines a rotation on £°°(X). 
Also note that such an isometry T restricted to co(X) is a member of ^co(x)- 

If T e Qi^oq is as in (|3l^ . then T: x + co(X) ^ T{x) + co(X), for x G 
£°°(X), defines a rotation ^°°(X)/co(X) ^ £°°(X)/co(X). Indeed, it is clear that 
f : £°°(X)/co(X) ^ £°°(X)/co(X) is a linear bijection. Moreover, 

inf J|a^-^ll= '^'^i\\Tix)-T{z)\\= inf ||r(a:)-z||, 

so that f : £°°(X)/co{X) £°°(X)/co(X) is an isometry. 

Fix u,v G S^oo(x)/co(x)- If G £°°(X) are such that u = a; + co(X) and 
w = J/ -I- co(X), then 

(3.13) dist(a;, co(X)) = hmsup ||a:;„|| = 1 = dist(?/, co(X)) = hmsup ||yn||, 

n — ^00 n — ^00 

since u,w G S^oo(x)/co(X)- Hence we may pick x,y lE S^oc(x) such that u = x + cq(X) 
and V = y -\- Co (X) . 

Fix G N, e G Sx and let A = {n G N : ||x„|| > 1 - ^}. Observe that A is an 
infinite set by (I3.13p . Since X is uniformly convex-transitive, there exists A^jj.) G N 

such that for each n E A there are T^"'^ , ■ . ■ , T^^^^ G Gx such that 

(k) 



Fix j{k) G N such that 

(3.15) — (2 + (j(fe)-l)(^))<P 

Denote by pi, . . . ,pj^^^ G N the first primes. Let . . . : N — > N be 
permutations such that 

(3.16) 0,(N\A) C{pri '^eN} forzG{l,...,j(fc)}. 
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For I e {l,...,7V(fe)} put S^^n,l 



T, 



if </)j ^(n) G A and otherwise put 



Si^n,i = I- Define a convex combination of rotations on £°^'(X) by letting 



Ai(z)|. 



where (z„)„eN e ^°°(X). Consider Ai e L{£°^{X)) and e = (e,e,e, . . .) e ^°°(X). 
We obtain that 

(3.17) ||e-Ai((x„))||,»(x) <| 

Indeed, for each n £ N it holds for at least jj^^,) — 1 many indices i that 



Nik) rr.(4>-\n)) 



where one uses the definition of Si^n.i, (13.16^ and the fact that the sets {p™\ m £ 



N}, K 



e N} are mutually disjoint for i ^ j. Thus p.l4p and (|3.15p yield that 



1 Y^JCfc) 1 Y^^(fc) c ( 



^ k 



holds for all n e N. 

Next we will define another convex combination A2 of rotations on ^°°(X) as 
follows. By using again the uniform convex transitivity of X we obtain T„^; G 
^x, 1 < ^ < A^(fc), n e N, such that 



Vn 



1 Y^^(fc) ^ 



,'6 



holds for n G N. Define 



A2(z)U = Tr-T!^=i Tn,iz, 



Combining the convex combinations yields 

3 

\\y - A2Aia;||£^(x) < 

according to Fact 13.61 Since the applied rotations induce rotations on £°° (X) /cq (X) , 
we may consider the corresponding convex combinations in L(^°°(X)/co(X)) and 
thus 

- 3 

A2Aiu||^oe(x)/co(x) < 

Tracking the formation of the convex combinations reveals that A2A1 can be written 
as an average of iV(A;)i(fe)-/V(fe) many rotations on (X)/co (X) . □ 



Since C(/3N \ N) is linearly isometric to ^°°/co, an application of Theorem 13.21 
yields that C (/3N \ N, X) is uniformly convex-transitive if X is uniformly convex- 
transitive. However, let us recall that this space is linearly isometric to (X) / cq (X) 
if and only if X is finite-dimensional. 

4. Roughness and projections 
Let X be a Banach space. For each x G Sx we denote 

,Y ^■ V \\x^h\\ + \\x-h\\-2 

T]{X,x) ==limsup — . 

ll/iiHo ll^ll 

Given e > 0, the space X is said to be e-rough if inf ?7(X, x) > e. In addition, 

xeSx 

2-rough spaces are usually called extremely rough. 
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We will denote the coprojection constant of X by 



p(X)=sup||I-P||, 
p 

where the supremum is taken over all linear norm-1 projections P : X ^ Y. 

A Banach space X is called uniformly non-square if there exists a e (0, 1) such 
that if x,y S Bx and ||a: — y|| > 2a then ||a; — y\\ < 2a. These spaces were 
introduced in [T^] by R. C. James, who also proved that this property lies strictly 
between uniform convexity and reflexivity. Next we will illustrate how the previous 
concepts are related. 

Theorem 4.1. Let X be a Banach space. Then the following conditions are equiv- 
alent: 

(1) X contains i^{2) almost isometrically. 

(2) X is not uniformly non-square. 

(3) P(X) = 2. 

Moreover, i/sup^gg^ r/(X, x) = 2, then p(X) = 2. 

We will require some preparations before the proof. Recall that given a:, y G X the 
function t i-^ Ik+^fll-lbll jg monotone in t and thus the limit limt^o+ 
exists and is finite. 

Lemma 4.2. Let ^ be a Banach space and a;, y € X, x =/= 0. Then 

i;™ _ \\x^t{y+ex)\\-\\x\\ 

iini4^o+ 1 ~ iimj^o+ 1 

_ 1- ^ I \x-\-tiv-\-ex) \\ + \\x-t{y-i-ex) \\-2\\x\\ 

— iinit^o+ 2t 



/or y - iimt_^o+ 2tpH ' 

Proof. Observe that for all maps a: [0, 1] ^ M such that limt^o+ ^(0 > it holds 
that 

|a(t)x+t;;||-||a(t)3:|| _ \Ht)x+^ty\\^\\ait)x\\ 

i™t^o+ -f — i™t^o+ -f 

(4:1) 

= hmt^o+ 4^ = limt^o+ I 



We will also apply the fact that 



(4.2) lim "11-11 "11-11 - = 0. 
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The claimed one-sided limits are calculated as follows: 

\\x + t{y + 9x)\\ - ||x|| 
t-*o+ t 

= lim 

t^o+ t 

11(1 + MHpM), + „ (1 + 

= lim ^-^ 

t^o+ t 

(H-MH^)||^||_||^|| 

-I- lim 

t^o+ t 

y^^^ \\x + ty\\-\\x\\ ^ ^.^ \\x-ty\\ ~ \\x + ty\\ 
t^o+ t t^o+ 2t 

^.^ \\x + ty\\ + \\x-ty\\-2\\x\\ 

In the first equality above we applied the fact (|4.2p . and in the third equality the 
fact (|4.ip . The calculations for the equation 



are similar. □ 

Proof of Theorem \4-l\ The equivalence of conditions (1) and (2) is well-known. The 
direction (1) =4> (3) is established by using the Hahn-Banach Theorem to obtain 
suitable rank-1 projections P. Towards the implication (3) => (2), suppose that 
ppCj = 2. Given 5 > there exists a projection P : X ^ Y, which satisfies ||P|| = 1 
and ||I - F|| > 2 - |. Choose x € Sx such that ||a; - P{x)\\ > 2 - f . This gives 
that ||P(a;)|| > 1 - f • Put y = j^J^^ and note that y e Sx and \\y - P(a;)|| < |. 
Moreover, 

Ik - 2/11 > ||x - P{x)\\ -\\y- P{x)\\ > 2 - 5 > 2(1 - 5) 

and 



\x + y\\ > \\x + P{x)\\ - \\y - P{x)\\ > \\x + Pix) 
\2x + P{x) -x\\ \\P\\ - - 



> \\P{2x + P{x) - - f = \\P{2x)\\ - ^ > 2 - ^ - ^ > 2(1 - <5). 

Thus X is not uniformly non-square. 

To check the latter part of the claim, an application of Lemma [4?2l yields that if 
sup^j^s^ r]{x,X) — 2, then X is not uniformly non-square. Hence p(X) — 2. □ 

The extreme roughness of X is a tremendously stronger condition than p(X) = 2. 
For example, if (i^„) is a sequence of finite-dimensional smooth spaces such that 
p{Fn) — > 2 as n — > oo, then the space 

X = Fn (summation in sense) 
is Frechet-smooth but p(X) — 2. 
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However, for convex-transitive spaces X the condition of being extremely rough 
is equivalent to the condition p(X) = 2. Indeed, if a convex-transitive space is 
not extremely rough then, by [31 Thm. 6.8], it must be uniformly convex and thus 
/9(X) < 2. It is unknown to us whether a convex-transitive Banach space is reflexive 
if it does not contain an isomorphic copy of 

In the same spirit as in this section, the projection constants of spaces were 
discussed in ^18j . 

5. Final Remarks: On the universality of transitivity properties 

The well-known Banach-Mazur problem mentioned in the introduction asks 
whether every transitive, separable Banach space must be linearly isometric to 
a Hilbert space. It is well-known that all such (transitive-|-separable) spaces must 
be smooth; otherwise, not much is known. Even adding some properties like being 
a dual space or even reflexivity has not sufficed, to date, for proving that the norm 
is Hilbertian. 

Let us make a few remarks on the universality of some spaces of continuous 
functions. It is well-known that C(A) contains C([0, 1]) isometrically; hence, the 
former space is universal for the property of being uniformly convex-transitive and 
separable. However, it is not almost transitive. 

To get a space which is universal for the property of being almost transitive and 
separable, just consider the almost transitive space X = Cg{L) where L is the 
pseudo-arc with one point removed ([13] or [K]). Since [0, 1] is a continuous image 
of L, every separable space is isometrically contained in X (complex case) or Xr 
(real case). Finally, note that the almost transitivity of a Banach space implies 
that of the real underlying space. 
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